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a b s t r a c t
A new carbon family adopting wavy structures has been found by quantum chemical calculations. The
key motif of this family is a condensed four-membered ring. Periodically wavy-carbon sheets (wavy-Cn
sheets, n = 2, 6, and 8) as well as wavy-C36 tube were found to be very similar to the previously reported
prism-Cn carbon tubes (n = 5, 6, and 8) in several respects, including the relative energies per one carbon
atom with respect to graphene, CC bond lengths, and CCC bond angles. Because of very high relative
energies with respect to graphene (206–253 kJ mol−1 ), the wavy-carbons may behave as energy reserving
materials.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction
Carbon is a familiar chemical element, which forms several types
of allotropes, such as graphite, diamond, fullerenes [1], carbon
nanotubes [2], and graphenes [3]. In addition to these well-known
carbons, quantum chemical calculations recently suggested the
existence of carbon molecules categorized to another class, which
is composed of prism-carbon structures [4–6]. Chemical and thermal stabilities of the new series of prism-carbon structures were
investigated with the GRRM method [7–11].
One of the new carbons is a prism-C2n series (n = 8–10, 12, 14,
16, 18 and 20) [4]. This series adopts a prism structure with carbon
atoms at the (n × 2) vertexes of a prism composed of two polygon (n-membered) rings and n four-membered rings on the side
faces, which looks like a hamster wheel. The prism-C2n structures
can connect to each other by facing at four-membered rings and
spread to forming various sheet structures, called the prism-C2n
sheets. This family adopts a double-layered structure, where the
prism-C2n (n = 6, 8, and 12) units are arranged horizontally [5]. The

third new family is called prism-Cn tubes, adopting a similar shape
to that of carbon nanotubes but being composed of four-membered
rings instead of ﬁve/six-membered rings, namely, which are constructed by axially piling up n-membered carbon polygons (n = 3–8,
10, 12, 14, 16, 18, and 20) [6]. The prism carbon sheets and
tubes are periodic systems composed of tetravalent carbon atoms
mutually connected with CC single bonds of ca. 0.15–0.16 nm
[5,6].
We focused on the condensed four-membered ring unit. The
unit does not appear quite often in carbon/carbohydrate compounds, but there are some well-known molecules with condensed
four-membered rings, such as prismanes and various polycyclic
alkanes [12–15]. We assumed that there would be another series
of carbon structures that take a four-membered ring as a key motif.
We, therefore, have made further computational explorations for
the possibility of carbon structures with the key motif. Here, we
present a new family, wavy carbons, composed of periodic arrays
of four-membered carbon rings.
2. Methods and calculations
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All electronic state calculations in the present study were performed for the ground singlet states, by using a Gaussian 09
program package [16].
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2.1. Explorations of the wavy structures
The ﬁrst explorations of the wavy structures were carried out
for C2n H4 . Starting from ﬂat ladder forms of C2n H4 (n = 3–20) with
an initial distance of all CC bonds to be 0.14 nm, geometry optimizations were performed at the level of B3LYP/6-31G(d) by using
a minimization option of the GRRM program [11]. It is noted that
the geometry optimization by the GRRM program is highly precise,
since its criterion of the convergence is deﬁned to be very tight.
The explorations of wavy structures purely with carbon atoms
(wavy-C2n ) were then performed for n > 10 at the level of B3LYP/631G(d) by using the minimization option of the GRRM program.
The geometry optimization calculations were started from regular
polygon prism structures with an initial distance of the CC bonds
on the polygons and on the side faces to be 0.144 nm and 0.150 nm,
respectively.

2.2. Periodic boundary condition calculations for the wavy
structures
The periodic wavy carbon structures were optimized by using
the Periodic Boundary Conditions (PBC) of Gaussian 09 [16]. To
reduce computational demands and to avoid the difﬁculties of PBC
calculations arising from large basis functions, all PBC optimizations were carried out at the level of RHF/STO-3G. We chose this
level for the minimal-basis ab initio calculations in the present
study, because we assume that this series of structures has the
same trend as the previously studied prism-C2n [4] and prism carbon sheets [5], which do not show any substantial effect on the
optimized CC bond connections by the different levels between
RHF/STO-3G, RHF/3-21G, B3LYP/6-31G(d), B3LYP/6-311++(2d,2p),
B3LYP/cc-pVDZ, and B3LYP/cc-pVTZ.
The initial structures of the periodic wavy structures were determined based on the results of C2n H4 and wavy-C2n described in
Section 2.1 and of prism carbons in the previous studies [4–6]. Representative input data and optimized parameters of the present PBC
calculations are described in Supporting Information.
Wavy-Cn sheets (n = 2, 6, and 8) were produced by twodimensional PBC (2D-PBC) energy-minimization calculations. One
translational vector (Tv1) is along the wave direction of carbon
chains including the Cn unit, and the other translational vector
(Tv2) is along the straight arrays of edges of the rectangular
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four-membered rings. The initial length of Tv2 was wholly set to
be 0.160 nm, which was referred to a typical CC distance between
the adjacent polygons in prism-Cn tubes. The initial lengths of
Tv1 were set to be longer with increasing the number of atoms
employed in the wave unit. The wavy-C2 sheet means that a sheet
with a unit cell consisting of two C atoms. In this case, C atoms
along the wave direction are arranged to be an up-down form.
The initial geometries of the wavy-C2 sheet were determined
by a manner as what follows: The distance of the neighboring C
atoms was set to be 0.160 nm, and the angle of three adjacent C
atoms was set to be ±120◦ with the opposite sign between the
neighbors as (−)(+) and so on. Thus the initial length of the Tv1
was set to be 0.160 × 31/2 = 0.27713 nm. The initial geometries of
the wavy-C6 sheet, consisting of six atoms in the unit cell, were
determined by a manner as what follows: The distance of the
neighboring C atoms was set to be 0.160 nm, and the angle of three
adjacent C atoms was set to be 120◦ with the ordering of signs to
be (−)(−)(−)(+)(+)(+). The initial length of the Tv1 for the wavy-C6
sheet was set to be 0.160 × 31/2 × 2 = 0.55426 nm. The initial
geometries of the wavy-C8 sheet, including eight atoms in the unit
cell, were determined in a manner as what follows: The distance
of the neighboring C atoms was set to be 0.160 nm, and the angle
of three adjacent C atoms was set to be 135◦ with the ordering of
signs to be (−)(−)(−)(−)(+)(+)(+)(+). The initial length of the Tv1 for
the wavy-C8 sheet was set to be 0.160 × (21/2 + 1) × 2 = 0.77255 nm.
A wavy-C36 tube was produced by one-dimensional PBC (1DPBC) energy-minimization calculations based on the wavy-C36
obtained by the calculations in Section 2.1. The initial translational
vector along the tube axis was set to be 0.160 nm.

3. Results and discussion
3.1. Explored wavy carbon structures
The geometry optimizations starting from the ﬂat ladder forms
of C2n H4 (n = 3–20) gave various ladder-type structures. When the
size was up to n = 8 (C16 H4 ), we found that the ladder adopted
a wavy form 1 (Figure 1a). We noted that this C2h structure of
C16 H4 clearly shows an interesting nature of a carbon ladder that
it preferentially adopts a wavy form in larger systems. Thus, we
have investigated the structures by increasing the size up to n = 20,
until obtaining a remarkably waving C40 H4 2 (Figure 1b). After

Figure 1. Various wavy forms of C2n H4 and C2n optimized at the level of B3LYP/6-31G(d). (a) C16 H4 (1), (b) C40 H4 (2), (c) C48 (3), (d) C60 (4), and (e) C72 (5).
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the geometry optimization calculations starting from regular polygon prism structures of C2n (n > 10), they preferentially adopt wavy
forms with concave polygons in various shapes 3–5 (Figure 1c–e)
rather than forming convex polygons. We conﬁrmed that the optimized geometries of 1–5 are really at the potential minima by the
normal mode analyses showing no imaginary frequencies. All of
the optimized geometries for Figure 1a–e are listed in Supporting
Information.
Stabilization energies through the geometry optimizations
were in the range of 175–550 kJ mol−1 : 1: 248.68 kJ mol−1 , 2:
550.01 kJ mol−1 , 3: 175.04 kJ mol−1 , 4: 205.14 kJ mol−1 , and 5:
235.85 kJ mol−1 . Any of the ﬂat ladder forms of C2n H4 (n = 3–20)
was stabilized to a convexly curved or wavy form, and longer ladders showed larger stabilization energies. Any of the initial regular
convex polygon prism structures of C2n (n > 10) was stabilized also
to wavy forms with concave polygons. Prism structures with larger
polygons showed slightly larger stabilization energies. We then
attempted to estimate the height of barriers around the optimized
structure 1. This type of task is generally considered to be very difﬁcult, but we made reaction pathway searches by using the GRRM
method: The height of the lowest barrier from 1 was found to be
23.1 kJ mol−1 . This is a pathway to a convexly curved ladder form
at 37.5 kJ mol−1 lower than 1. Details of this transforming process
were shown in Supporting Information.
The four-membered rings appeared in 1–5 form nearly rectangular shapes. The angles of CCC along the long side (i.e., not at the
rungs) of the ladder structures are distributed mostly between 135◦
and 150◦ , which correspond to the inner angles of regular polygons
from octagon to dodecagon. This ﬁnding is nearly correlated with
the stability of the prism-C2n rings (n = 8–10, 12) [4]. The CC bond
lengths in the wavy ladders 1 and 2 are widely distributed in the
range of 0.135–0.154 nm both for the longer sides and the rungs,
whereas in the wavy form of the ring-closed ladders C2n (3–5), the
CC bond lengths on the polygon rings are 0.139–0.148 nm, which
are mostly shorter than those of the side faces (0.147–0.159 nm).
This distribution of CC bond lengths is similar to that found in the
prism-C2n : for example, in the prism-C20 , the CC bond lengths are
0.144 nm on the decagon rings and 0.148 nm on the side faces [4].
The wavy ring-closed ladders C2n 3–5 form concave polygons
that cause several dent parts, which increase with the number of
atoms: two, three, and four dents appear in 3, 4, and 5, respectively.
This trend seems to be related with the CCC angle distributions
between 135◦ and 150◦ in the opened ladder forms mentioned
above, which can determine the limitation of the curvature of the
ring-closed ladders.
The CC bonds are mostly shorter than the typical single bond
length of 0.154 nm, and all carbon atoms are bonded with three
atoms. This suggests their unsaturated characteristics, which can
make additional bonds. It follows that the wavy open- and closedladders are expected to become a unit of a sheet- or tube-type
structures by connecting with each other at the both ends of rungs.

Figure 2. Wavy-C2 sheet 6 obtained by 2D-PBC calculations with a unit of two
atoms. The translational vectors are 1–1 (0.16084 nm) and 1–3 (0.24970 nm) with
a mutual angle of 90◦ . CCC angle (1–2–3) = 107.52◦ .

Figure 3. Wavy-C6 sheet 7 obtained by 2D-PBC calculations with a unit of six atoms.
The translational vectors are 1–1 (0.16059 nm) and 1–7 (0.56041 nm) with a mutual
angle of 90◦ .

Figure 4. Wavy-C8 sheet 8 obtained by 2D-PBC calculations with a unit of eight
atoms. The translational vectors are 1–1 (0.16066 nm) and 1–9 (0.65301 nm) with
a mutual angle of 90◦ .

3.2. Optimized wavy carbon structures by PBC calculations
The 2D-PBC calculations searching for local minima gave three
types of wavy carbon sheets 6–8 (Figures 2–4), where lattices are
cut at certain ranges, though the calculations were done for 2Dinﬁnite systems.
The 1D-PBC calculation based on a wavy form of C72 in Figure 1e
yielded wavy-C36 tube 9 (Figure 5), where a range of ten CC bonds
along the tube axis are visualized, though calculations were done
for the inﬁnite system.
Table 1 shows the optimized relative energies, the CC bond
lengths, the minimum energy gaps, the crystal orbital levels of
wavy-Cn sheets (n = 2, 6, and 8) 6–8 and wavy-C36 tube 9, which
were obtained by the PBC calculations at the level of RHF/STO-3G.

Figure 5. Wavy-C36 tube 9 obtained by 1D-PBC calculations with a unit of 36 atoms.
The translational vector is 1–1 (0.16084 nm). All 36 atoms of the unit in a D4h
geometry are located on a plane perpendicular to the tube axis.
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Table 1
Optimized relative energies, CC bond lengths, minimum energy gaps, crystal orbital (HOCO and LUCO) levels of wavy carbon-n sheets 6–8 and tube 9 obtained by periodic
boundary calculations at the level of RHF/STO-3G in comparison with those for some Prism-Cn tubes in Ref. [6].

Wavy-C2 sheet 6
Wavy-C6 sheet 7
Wavy-C8 sheet 8
Wavy-C36 tube 9
Prism-C3 tube
Prism-C5 tube
Prism-C6 tube
Prism-C8 tube
Prism-C10 tube
Prism-C12 tube
Prism-C16 tube
Prism-C20 tube
a
b
c
d
e
f
g
h

Relative
energya

Bond length along
the straight-lines b

205.917
229.185
241.797
252.893
252.915
217.809
226.904
257.826
285.954
307.071
336.099
354.335

0.1608
0.1606
0.1607
0.1607
0.1591f
0.1599f
0.1599f
0.1604f
0.1607f
0.1609f
0.1611f
0.1614f

Bond lengths along the wavy (bend)-linesb
1–2

2–3

3–4

4–5

5–6

0.1537
0.1538
0.1530
0.1582
0.1526g
0.1567g
0.1568g
0.1571g
0.1577g
0.1582g
0.1591g
0.1597g

(0.1537)h
0.1579
0.1579
0.1528
11.687
9.821
9.724
7.574
7.049
6.276
5.452
4.887

(0.1579)h
0.1588
0.1573
−6.247
−5.807
−6.116
−4.515
−4.309
−3.756
−3.208
−2.813

(0.1538)h
(0.1579)h
0.1590
5.439
4.013
3.608
3.059
2.740
2.521
2.244
2.074

(0.1579)h
(0.1530)h
0.1596

Minimum
energy gapc

HOCOd

LUCOe

8.331
8.341
8.298
7.750

−4.575
−4.678
−4.850
−4.603

3.756
3.663
3.448
3.146

Relative energy per one carbon atom with respect to graphene in kJ mol−1 .
Bond lengths are shown in nm. The numbering of the bond indices 1–6 is referred to the corresponding Figures 2–5 for 6–9.
Minimum indirect energy gap between HOCO and LUCO in eV.
Energy of HOCO in eV.
Energy of LUCO in eV.
Bond length of the axial repetition along the polygon tube.
Bond length on the regular polygons.
Bond length equivalent to other positions are shown in parentheses.

We added there the data of some prism-Cn tubes previously
reported [6] for comparison.
We estimated the energies per one carbon atom relative to
graphene at the same level of the PBC calculations. The relative
energies of the wavy carbons 6–9 are comparable with the smaller
prism-Cn tubes of n = 3, 6, and 8 but are much smaller than the
larger prism-Cn tubes of n = 10, 12, 16, and 20. This indicates that
the tetravalent carbon structures in the larger prism tubes hold
strong steric strains, whereas the strains of the smaller prism tubes
structures are not so severe. In the view of this tendency, in the
wavy carbons 6–9, the strains are as moderate as the smaller prism
tubes.
The CC bond lengths in the wavy carbons 6–9 are slightly longer
than or even equal to the typical single bond length of 0.154 nm.
This bond character is very similar to the prism tubes, as shown in
Table 1. The CC bonds along the straight-line directions (e.g., the
C1 → C1 direction in Figures 2–5) of the wavy carbons 6–9 show
nearly the same lengths in the range of 0.1606–0.1608 nm, which
agree well with the corresponding CC bond lengths on the side face
(between two polygons) of the prism-Cn tubes (n = 8–12). The CC
bonds along the wavy (bend)-line direction in 6–9 are in the range
of 0.1528–0.1596 nm, which is similar well to the CC bond lengths
on the regular polygons of the prism tubes. The shortest CC bond
lengths of 0.1528–0.1538 nm correspond with a typical single bond
length of 0.154 nm.
For 6–9, the C-chains along the straight-line direction are purely
straight, which means, all of the CCC angles along the direction is
180◦ . The CCC angles along the wavy-line direction are: 107.5◦ in
6, 116.7◦ and 125.9◦ in 7, 118.8◦ and 133.0◦ in 8, 125.3◦ , 115.9◦ ,
119.1◦ , 137.4◦ and 147.0◦ in 9. These angles correspond to the inner
angles of polygons from penta- (106◦ ) to decagon (144◦ ). This tendency may be related with the relative energies of 6–9, which is
also similar to the prism-Cn tubes (n = 5–10).
In 6, all carbon sites are equivalent. Both sides of the sheet are
also equivalent. All four-membered rings adopt the same rectangular shape. The directions of the straight C-chain axis and the
up-down C-chain are mutually orthogonal on the sheet plane. The
van der Waals thickness of 6 is estimated to be 0.431 nm by using
van der Waals radius of carbon atoms (0.170 nm).
In 7, there are only two types of carbon sites: top (C3 and C6
in Figure 3) and edge (C1, C2, C4, C5, and C7 in Figure 3). These

two sites are assumed to show different chemical properties. Correspondingly, there are two types of rectangular four-membered
rings. Both sides of this sheet are equivalent. The van der Waals
thickness of 7 is estimated to be 0.637 nm.
In 8, there are only two types of carbon sites: top (C3, C4, C7, and
C8 in Figure 4) and edge (C1, C2, C5, C6, and C9 in Figure 4). These two
sites are assumed to show different chemical properties. There are
three types of rectangular four-membered rings. Both sides of this
sheet are equivalent. The van der Waals thickness of 8 is estimated
to be 0.751 nm.
The shape of 9 shows a four-fold symmetry of D4h . In 9, there are
ﬁve types of carbon sites, C1, C2, C3, C4, and C5 in Figure 5. Chemical
properties of these sites are expected to be different. There are six
types of rectangular four-membered rings. The outer van der Waals
diameter of 9 is estimated to be 1.71 nm, and the diameter of the
inner van der Waals hole is estimated to be ca. 0.2 nm. The size of
the inner hole is large enough to contain some ions inside.
Minimum energy gaps were estimated from the energy differences between the highest occupied crystal orbital (HOCO) and
the lowest unoccupied crystal orbital (LUCO). In order to discuss
the absolute magnitudes of the gaps, one should perform much
higher levels of calculations. Nevertheless, we assume that even
qualitative features of gaps and crystal orbital levels are useful to
understand the outlines of the electronic structures of the present
wavy carbon structures. We obtained nearly constant magnitudes
of gaps (ca. 8 eV) for the wavy carbons 6–9, whereas for the prismCn tubes the gaps change drastically from 11.7 eV to 4.9 eV with the
size of n changing from 3 to 20. In the prism tubes, the HOCO and
LUCO levels gradually changes with the tube size by the amount
of 3 eV or more. On the other hand, in 6–9, the HOCO levels are
nearly constant (−4.575, −4.678, −4.850, and −4.603 eV). Also only
small differences are shown in the LUMO levels in 6–9 (3.756, 3.663,
3.448, and 3.146 eV). Thus, these wavy carbons are expected to
show similar chemical and electronic properties. From the magnitudes of the gaps, the present wavy carbon systems are assumed
to be insulators without color under the visible light.
Regarding the geometrical stabilities, from the relative energies,
bond lengths, and the CCC angles, the present wavy carbon structures 6–9 are considered to be similar to the prism-Cn tubes of
n = 5, 6, and 8. Although all of the wavy carbon structures are at
local potential-energy minima, the barrier height calculations for
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6–9 could not be carried out because of difﬁculties due to an inﬁnite system. In the previous study [6], by using the GRRM method,
the barrier heights for tri[4]prismane (C12 H8 ) and tri[6]prismane
(C18 H12 ) were determined to be ca. 80 kJ mol−1 in the context of a
similar series of carbon networks to prism-Cn tubes. This gives a
guess that the wavy carbon structures 6–9 are also chemically and
thermally stable enough at a similar level of the prism-Cn tubes.
We have to mention about the discussion on the long-range stability of periodic systems. There are some negative reports, which
doubted the existence of 2D layers for 2D crystals [17,18] and large
membranes [19,20]. These systems, however, are rather forced to
be a ﬂat plane structure, and most likely the constraint makes the
systems unstable. In this respect, the present wavy-carbon sheets
6–8 are different from those criticized systems. Our new sheets
are not forced to hold the forms and are ﬁrmly constructed with
tetravalent carbon atoms with four CC single bonds of ordinary
bond lengths. Therefore, we consider that these wavy-sheets will
show different characters from those other 2D layers and will be
stable enough to exist.
4. Concluding remarks
In the present work, we reported a new class of carbons, called
wavy-carbon sheets and tubes, adopting wavy structures with condensed four-membered rings. The wavy-carbons include concave
polygons that make a wave-like shape, whereas the prism-carbons
in the previous papers [4–6] are composed only of convex polygons. Since these wavy-carbons are not constrained and are similar
to the prism-tubes in the respects of an energy level, bond length,
and bond angle, the wavy-carbons are expected to be stable enough
to exist. It is noted that the wavy-carbons show high geometrical
ﬂexibility. This suggests possibilities of more various wavy-carbon
forms beyond the present study. The variety of the forms can give
a hint to design novel materials with new mechanical, physical,
and/or chemical properties. For example, because of very high relative energies with respect to graphene, the wavy-carbons may
behave as energy reserving materials.
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